Absfruct-Experimental and theoretical studies of coherence collapse in GaAs/AlGaAs laser diodes with weak optical feedback show two distinct routes to chaos. In each case we observe undamped relaxation oscillations, then external cavity mode beating, and finally coherence collapse. When there is frequency locking between the relaxation oscillations and external cavity modes, a period doubling sequence is followed, otherwise the route to chaos is via quasiperiodicity .
itatively different phenomena which could also legitimately be collectively described as coherence collapse, including subharmonic bifurcation [ 151, self-pulsation [16] , intermittent behavior [ 171 and "staircase fluctuations" involving>random power drops followed by stepwise recoveries [18] , [19] . We shall use the term "coherence collapse" in this paper exclusively to describe the feedback-induced catastrophic line broadening in a single transverse and longitudinal mode semiconductor laser operating well above the isolated laser threshold (20-100 %), when less than 0.1 % of the output power is coupled back from a simple plane mirror located at -10 cm from the laser. Because of the minute amounts of feedback involved, there is no significant difference between the isolated and external cavity laser thresholds.
In this paper we present the results of detailed theoretical and experimental analyses whose primary purpose is to examine carefully the sequence of events which occurs as coherence collapse develops, to learn the underlying mechanisms, and to characterize the coherence-collapsed state. We are particularly interested in establishing beyond reasonable doubt whether coherence collapse is a stochastic or deterministic (chaotic) phenomenon. Although several authors have suggested that the coherence collapsed state is chaotic [lo] , [ 131, [ 141, the coherence collapsed semiconductor laser has been analyzed with some success by a variety of rate equation models including coherent feedback without noise [ 131, injection locking [20] and stochastic contributions [21] [22] [23] . Moreover, the issue has not been proven by calculation of characteristic dimensions [24] or other accepted means. Apart from its intrinsic theoretical significance, the answer to this question will determine how to eradicate or exploit coherence collapse. Section I1 describes our experimental results, while Section I11 describes our rate equation model. In Section IV we present experimental and theoretical results and make detailed comparisons between them. We also present the outcomes of calculations to determine the influence of noise on the coherence-collapsed state. Section V contains some discussion and conclusions.
11. EXPERIMENTAL OBSERVATIONS The experimental arrangement used ( junction laser diode (Hitachi HLP1400) with built-in lateral index guiding via the channeled substrate planar structure was placed in an external cavity formed by an antireflection-coated collimating lens and a high reflectivity plane mirror which reflected a portion of the output light back into the active region of the laser diode. The free-running laser diode oscillated in a single longitudinal and transverse mode at a wavelength close to 830 nm, although a tendency toward multiple diode mode operation was common under external feedback. No facet coatings were applied to the laser chip. A stabilized current source and temperature control were used to ensure intrinsic stability of the laser pumping: the absolute frequency drift was less than 100 MHz/min at all times during the experiments. The fraction of light coupled back into the laser was controlled by an attenuator consisting of a half-wave plate sandwiched between a pair of linear polarizers. A solid quartz etalon of free spectral range -1 THz and finesse -30 was inserted to force the laser to oscillate in a single longitudinal mode of the diode cavity (which contained many external cavity modes spaced by a frequency veXt, close to c/2Lext, where Lex, is the optical length of the external cavity). The bias current was set well above threshold, typically 1.2-2.0 Zth. Thus the necessary conditions for coherence collapse were established.
To observe coherence collapse, the optical feedback was increased from zero, while intensity noise power spectra were measured using a fast p-i-n photodiode (Antel AR-S2, 30 ps rise time) coupled to a microwave spectrum analyzer (Tektronix 2755P, 21 GHz bandwidth), and optical spectra were measured simultaneously using a suite of three scanning Fabry-Perot interferometers. Two of these instruments were plane-plane cavities, with free spectral ranges of 2150 GHz and 11 GHz and finesses > 100, enabling simultaneous observation of the overall laser diode 'mode spectrum (which remained single longitudinal mode throughout) and the fine side-band structures induced by the relaxation oscillation and external cavity modes. The third scanning Fabry-Perot was a confocal resonator with FSR 750 MHz and finesse 300, and was used to view narrowing of the laser linewidth at weak feedback levels.
It was not possible to record meaningful time series or accumulate sufficient data for experimental determination of correlation dimensions or similar dynamical parameters: for this purpose, we would require both a fast sampling interval (-10 ps) and a large data set (-10' points) [35] , a task which is beyond the limitations of currently available equipment. Fig. 2 and Fig. 3 show the evolution of the laser dynamics with increasing optical feedback. In the absence of external feedback, the laser usually operated in a single longitudinal mode. The intensity noise power spectrum featured a small perturbation around the relaxation oscillation peak frequency vR, indicating damped oscillation. vR was easily identified by its strong dependence on the injection current. As the feedback was increased from zero, we initially observed linewidth narrowing, followed by the appearance of a sharp peak at vR (or equivalently of sidebands situated a distance vR on each side of the main peak in the optical spectrum). With further increase of the feedback fractionf,,, from the external mirror, we observed external cavity mode beating features spaced by veXt: these were easily identified by their dependence on the cavity length. Nonlinear interaction occurred between the relaxation oscillation and external cavity mode beating with further increase infeXt culminating in the irregular state known as coherence collapse. These data agree generally with the reported measurements of Dente et al. [ 131 and of Mglrk et al. [14] . However, the details of this interaction differed according to whether there was an integer relation between the external cavity mode spacing vext and the relaxation oscillation resonance peak vR. Fig. 2 shows measured RF intensity power spectra in the usual situation where there is no integer ratio between vext and vR; the pump current is held constant (z/zth = 1.59) at fixed external cavity length (15.5 cm), while the feedback fraction fext from the external mirror was increased. The initial feedback-induced undamping of the relaxation oscillation and external cavity mode beating gives way to a complicated spectrum in which both the main laser oscillation peak and the relaxation oscillation sidebands are modulated by external cavity modes, with peaks at frequencies such as vR-6vext becoming evident. Here the interaction between veXt and vR is that of normal quasiperiodic mixing, and the coherence-collapsed state appears to be a chaotic one attained via a quasiperiodic route as surmised by Mglrk et al. This conjecture will be examined further in Section IV. Fig. 3 shows measured intensity noise and optical spectra as & was increased but this time the external cavity mode spacing vext was held equal to an integer sub-multiple of the relaxation oscillation resonance peak vR by judicious fine adjustments of the pump current and cavity length. (Here the current was nominally 1.39 Ith while the external cavity length was 9.0 cm.) In this special case we observed peaks at vext, veXt /2, vext /4 appearing sequentially with increasing feedback, followed by the catastrophically broadened laser linewidth and broadband intensity noise spectrum characteristic of coherence collapse. Period-8 oscillations were observed only tentatively, probably due to the presence of noise and the lack of long-term stability in these experiments. The sidebands in the optical spectra are clearly asymmetric about the lasing frequency. From these results it is clear that the coherence collapsed state was reached via a period-doubling route, again suggesting the onset of deterministic chaos. This is the first observation of period doubling in an external cavity semiconductor laser and will be considered in detail in the next section. In several long-term experiments on coherence collapse we observed predominantly the quasiperiodic route. The pure period-doubling route to chaos occurred only by careful selection of parameters. Although it was possible to observe period-doubling at fixed pump current and external cavity length, it was much more easily and clearly observed by fine-tuning the current or cavity length while increasing the feedback level. We also determined the usual quasiperiodic mixing process to be punctuated by regions of frequency locking between vext and vR, al- though these regions were narrow and fragile and required careful observation. In the vicinity of these tentative frequency locking events, there was evidence of frequency pulling between vext and vR. One probable consequence of this behavior is the existence of hybrid processes involving mostly quasiperiodicity but including windows with weak frequency locking or pulling, sometimes a single period-doubling bifurcation. These effects were manifested by the appearance of peaks spaced by vext /2 and vext /4 at relatively high feedback levels close to coherence collapse. We also observed combination tones such as ~~-6 . 5~~~~
in the noise power spectrum (cf. Fig. 2 ), and again the process culminated in a seemingly chaotic coherence-collapsed state.
The external cavity length exerted a weak influence on the qualitative nature of coherence collapse: the effect disappeared as Le,, is made very small. In general, for shorter external cavities (a few cm) the onset of coherence collapse occurred at higher feedback levels regardless of the particular route followed. In our experiments, when the cavity length was less than -3 cm, even with the maximum available feedback (i.e., the attenuator and the etalon removed from the external cavity) it was possible only to observe undamping of the relaxation oscillation; there was insufficient feedback to generate significant external cavity mode beating, and hence coherence collapse did not occur. When the external cavity length was increased to -4 cm, with maximum feedback we observed the undamped relaxation oscillation followed by emergence of the external cavity modes; in the absence of the intracavity etalon the system then tended toward mode hopping and multi-longitudinal mode operation, a tendency which increased with increasing cavity length. With the etalon in place, for cavity lengths from 6 cm to 50 cm, coherence collapse occurred in the same qualitative manner as described above, except that the feedback fractionf,,, at the onset of coherence collapse decreased as Le,, increased.
THEORETICAL MODELING
We have adopted the usual rate equations for semiconductor lasers with the same modifications as other authors to allow for the weak optical feedback, and additionally taking into account the intraband relaxation of charge carriers and polarization within the conduction and valence bands via a finite saturation intensity for the laser gain per unit time
(1) where I is the mode intensity in the laser resonator, and the saturation intensity I, is related to the intraband relaxation times [26] . Go is the linear gain rate given as 
where 9 is the phase of the field and rp is the resonator loss rate which is defined as:
J is the pump rate, 7, is the carrier life time. R,, is the spontaneous emission rate. a is the antiguiding parameter or linewidth enhancement factor which governs the coupling between the optical intensity and phase in the laser: it is the ratio of the carrier-induced changes in the real and imaginary parts of the susceptibility [32], [33] , and is customarily approximated by a constant in dealing with single mode laser dynamics. Fr(t), F+(t) and FN(t) represent the Langevin forces of spontaneous emission noise for intensity, phase and carrier population, respectively.
It is clear that the optical phase is not coupled directly to the intensity I and carrier population N , so that the behavior of the isolated laser diode can be described completely by (3) and (5): the resulting two-dimensional space is insufficient to generate chaos. However, if we add optical feedback (or modulation, or light injection, or any of several other external stimuli) we have to expand the phase space, so the system can support many different rich dynamical phenomena. If the external cavity is weakly coupled so that it is sufficient to consider only one feedback delay term [29]- [31] , the rate equations become:
where 7 is the feedback delay (i.e., the round trip optical delay time in the external cavity), W is the steady state laser frequency. K is given as where R is the facet reflectivity and T~ is the optical round trip delay in the laser diode resonator andf,,, is the fraction of the laser output power coupled by the external cavity. Clearly we now have three coupled rate equations, the trajectory of the system is described in a three-dimensional phase space and deterministic chaos is now possible.
Equations (7)- (9) can be written in the general abbreviated form Table I ) [13] , [27] .
In our numerical modeling, we first calculated the time series of I @ ) , (9(t) , N ( z ) by numerical integration of (7)- (9) . The smallest time step in the integration was 7.5 ps which corresponded to a single round trip in the laser diode resonator. 70 000 data points were obtained and the first -10 OOO points were discarded to avoid initial transients; hence approximately 60 000 data points remained to analyze the system dynamics over a total time interval of about 0.5 p s A The corresponding Fourier frequency range was several tens of gigahertz which more than covered the bandwidth of the phenomena under study with a resolution -2 MHz.
Because the phase diffusion process causes difficulties in constructing trajectories in the phase space ( I @ ) , @(t), N ( t ) ) , it was convenient to transform these phase (9 (2) to the instantaneous deviation of the optical frequency from its steady state value using and instead to construct trajectories in the modified phase space (I(t), W ( t ) , N ( t ) ) . Thus the time series of these three variables, the corresponding intensity noise power spectra and autocorrelation function were calculated. In addition, bifurcation plots, Poincan5 maps and correlation dimensions were obtained to provide further insights into the dynamics of the external cavity laser. The Langevin noise driving terms were switched on and off to determine the effects of realistic noise on the coherence collapse process.
A. Period Doubling
Initially we obtained stable steady state solutions by quenching the derivatives in the rate equations ((7)-(9)}, then used these steady state solutions as initial conditions for full numerical solutions of the time-dependent equations without noise terms. Where multiple stable steady state solutions existed, the one with the smallest frequency deviation from the isolated laser frequency was chosen. Because the most novel result of our experiment is the observation of a period-doubling bifurcation sequence to coherence collapse in a narrow parameter range, we checked a wide range of parameter values numerically to determine the regime in which period-doubling could be observed theoretically. Fig. 4 shows the results of these calculations: time series and noise power spectra of the intensity I(?), with Poincad maps and intensity autocorrelation functions. The Poincark maps were plotted on the plane of constant carrier population N .
There is good agreement between theory and experiment. From Fig. 4 it is clear that as the feedback parameter K increased, first the relaxation oscillation at frequency vR was undamped, followed by excitation of the external cavity modes spaced by vext. When vR was equal to an integer multiple of vext, period doubling was observed with fundamental period 1 /vext: the relaxation oscillation was initially modulated by vext, then by vext/2 and vext/4 sequentially. There is evidence of weak vext/8 features in the power spectrum before the onset of coherence collapse with further increase in K as shown in Fig.  4(E, G) . Note also the existence of a window of regular oscillation (Fig. 4(F) ) before full development of the coherence-collapsed state.
To examine this period-doubling behavior in more detail, we constructed a bifurcation plot corresponding to the calculations in Fig. 4 . This was done by calculating the local peak values of the time series Z ( t ) and hence the envelope of the relaxation for a given K , then taking the local maxima of this envelope for this value of K . The result is given as Fig. 5 in which the range of x covers the traces shown in Fig. 4 . Again there is clear period doubling with fundamental period 1 /veXt. We note that the values of the Feigenbaum universal constant 6f and the relative scale of successive branch splittings 6 6 in this bifurcation plot differ from the predicted values 4.6692 * -and 2.5029 --- [34] , a result which is hardly surprising because 6f and & are defined in terms of the asymptotic behavior of the bifurcation splitting, whereas in our system the last observable bifurcation is only to period-4. Moreover, the external cavity laser under investigation is much more complicated than the usual systems undergoing period-doubling for which universality has been shown to be valid: apart from the main controllable feedback parameter K , there are several other variables, such as the feedback delay time T and pump rate J, which also influence the real physical process. 
B. Dimensionality Analysis of the Coherence-Collapsed State
Our experiments and theory have demonstrated clearly the existence of period-doubling bifurcation and aperiodic behavior in coherence collapse. However, the conclusion that coherence collapse in this system is deterministic chaos which occurs through period-doubling has not been justified until a clear distinction is made between chaos and random noise. Strange or chaotic attractors are typically characterized by fractal dimensions D2 which are smaller than the number of degrees of freedom [32], hence we expect a strange attractor in our three-dimensional phase space to show a fractal dimension between 2 and 3, in contrast to a purely stochastic process which fills the whole phase space and hence has dimension 3.
To clarify the essential nature of the coherence collapsed state, we have performed a dimensionality test on our theoretical data, and the results are given in Fig. 6 , in which the letters A-F again indicate the data in Fig. 4 . The calculation of the correlation dimension D2 was performed in the real phase space (Z(t), w(t), N(r)) using conventional box counting techniques [24], [36] . Referring to Fig. 6 , the trajectory is initially a limit cycle (dimension unity) corresponding to undamped simple relaxation oscillation, progressing to a chaotic attractor with a fractal dimension between 2 and 3 as coherence collapge develops. We note that the correlation dimension D2 is a function of the feedback parameter K ; D2 in the coherencecollapsed state for finite K is always less than 3, and it tends to 3 as K tends to infinity. The regular oscillation window is consistently indicated by D2 = 1. These data provide clear evidence that the onset of coherence collapse by period doubling is deterministic chaos but not a stochastic process. The role of realistic noise in this picture will be considered later.
Considerable effort has been devoted to choosing the correct structure of the data set and comparing different techniques in determining the value of D2. The greatest difficulty is encountered in determining D2 just as the system approaches coherence collapse (point E in Figs. 4-6) : the intensity autocorrelation function here decays slowly compared with the fastest time constant of the system (i.e., the relaxation oscillation period) so that the problem is stiff and large data sets must be used. To alleviate the logistical problems in this analysis, for this case we initially calculated D2 using all points in very large data sets (-130 000 points after truncation of initial transients) using a supercomputer, then compared the results with calculations using -60 OOO points, and found no significant difference. However, obvious differences were seen using - 40 . Nonuniform attractor densities cause undulations in the log-log plots of the correlation integral C ( r ) versus box size r which make the slopes of these plots uncertain, resulting in errors in the D2 values, whichever technique was used. We ultimately selected averaging of the pointwise dimension at 100 randomly chosen points from the trajectory, an approach which provided good results with minimal computation times. Thus most of the D2 values were then obtained using this simplified technique and with -60 000 data points.
Although the pure period-doubling route to chaos occurred only within a narrow parametric range, frequency components involving veXt/2 and veXt/4 could also appear in the quasiperiodic route. Again we emphasize that a properly scaled sequence of period doubling bifurcations from the fundamental period 1 / veXt is what distinguishes the alternative route to coherence collapse. Since a symmetric system cannot undergo period doubling [40], we postulate that in the external cavity laser the effects of external feedback are different for the two sidebands of the lasing mode (due to dispersion as expressed by the antiguiding or linewidth enhancement factor a). Thus the optical feedback causes symmetry breaking and that makes period doubling possible. In contrast, period-doubling from the relaxation oscillation period TR = 1 /vR has never been observed in the external cavity laser.
C. Quasiperiodic Route to Coherence Collapse
Similar calculations were performed for the situation corresponding to the experimental data in Fig. 2 , in which a quasiperiodic route to coherence collapse was observed when the frequency locking condition vR = pvext (integer p ) was not satisfied. Again there is very good agreement as illustrated by Fig. 7 where calculated intensity noise power spectra and Poincark maps are plotted for increasing optical feedback. Fig. 8 shows a bifurcation plot obtained in a similar manner to Fig. 5 , and the calculated correlation dimension versus feedback parameter K is given in Fig. 9 .
As K increases, first the relaxation oscillation is excited (Fig. 7B) , then the external cavity mode features appear, modulating both the main lasing peak and the relaxation oscillation sidebands. Quasiperiodic mixing occurs as evidenced by difference frequencies such as vR -6veXt and 7vext -vR, and with further increase in K there are traces of features spaced by veXt/2 and possibly even vext/4, resulting in frequency components such as vR -6.5vext. Despite the occurrence of vext/2 and vext/4 in the noise spectra this is not a period doubling scenario, but typical quasiperiodic behavior involving mixing of frequencies which are not commensurate or rationally related. The correlation dimension plot again shows that the coherence collapsed state is chaotic, with a similar D2 value (a fractal between 2 and 3) to the result of the period doubling sequence observed when frequency locking was maintained between vR and vext. In the experiments, the maximum broadened linewidth in the coherence collapsed state (refer to Fig. 2 and Fig. 3 ) was -30-40 GHz which corresponded to the bandwidth of the isolated laser resonator. Beyond this effective bandwidth limit of the system the external cavity modes as well as the relaxation oscillation harmonics are strongly suppressed.
Just as in the experiments, coherence collapse usually occurs in the theoretical model via a quasiperiodic route. Even when period doubling does occur, it is not robust: small changes in the external cavity length Lex, (-X/4) or the drive current (less than 0.1 %) can destroy the frequency locking condition and produce a quasiperiodic route to chaos. Also, we have observed situations where frequency locking conditions are satisfied at low feedback, but as K increases the locking condition is violated and the onset of coherence collapse proceeds via the more usual quasiperiodic route.
D. Influence of Spontaneous Emission Noise
The influence of spontaneous emission noise on the dynamics of the external cavity semiconductor laser has been studied theoretically by switching on realistic Langevin forces F,(t), F* ( t ) , FN (t) representing white noise driving on the right side of the rate equations { (7)-(9) ). In the numerical integration of these equations the method in [41] was used to generate Gaussian noise. Fig. 10 shows the influence of realistic white noise on the intensity noise power spectra and phase space trajectories for the case where frequency locking occurred and the trajectory was a limit cycle. Although the white noise tra and blurred the trajectories in phase space, the essential features of the attractor were not altered. As the spontaneous emission rate Rsp increased, the noise intensity increased and the external cavity modes became weaker. relation dimension showing that the slopes S(r) of the loglog plots of the correlation integral versus box size r decreased monotonically with r as white noise driving was added, a fact which makes it difficult to determine 4 in real experimental situations. As the box size r decreased, S(r) increased and tended toward 3, indicating that the noise was filling the phase space and dominating the dynamics when we examined only a very small domain in the phase space. Fig. 12 shows the influence of realistic white noise on a chaotic coherence collapsed state. Again the noise driving did not change the intensity noise spectra very much, but blurred the phase space trajectories. The corresponding correlation dimension calculations in Fig. 13 are very similar to those in Fig. 11 in that the dimension with noise driving tended toward 3 as the box size r approached zero, and it was always larger than that without noise driving. However, the D2 value for the coherence-collapsed state never reached 3-coherence collapse was always attributable to deterministic chaos. We also performed dimensional calculations for the isolated laser with realistic white noise, and the convergent 4 value was always 3 within a small computational error. This value was never exceeded by the maximum value of S(r) in a feedback system with noise driving, hence we conclude that white noise driving does not change the deterministic nature of the system.
In our stochastic calculations the value of the spontaneous emission rate R,, was taken as 1.5 x 10l2/s and 3.0 X 1OI2/s. The value of R = 1.5 X 1OI2/s led to a calculated Lorentzian linewidth of about 40 MHz in the isolated laser diode at pump current Z/Zth = 1.68, in agreement with experimental measurements. The spectral density of the noise was assumed white, and no attempt was made to include "natural" low-frequency noise with a 1 /f spectral dependence.
Figs. 11 and 13 show that with noise driving S(r) did not converge. This difficulty is generic to all real systems involving a mixture of deterministic and stochastic processes where the definitions of characteristic dimensions may not be meaningful. It is sufficient here that we have found that deterministic processes are the dominant influ- ences in coherence collapse, despite the very high spontaneous emission rates in semiconductor lasers, larger by several orders of magnitude than in other laser systems.
V. DISCUSSION AND CONCLUSIONS
We have shown experimentally and theoretically the progression of events leading to coherence collapse in a semiconductor laser subject to weak optical feedback (-0.01-0.1 % in power) from a simple reflector several centimeters away. The laser was operated well above threshold (1.2-2.0 It,,) and was constrained to operate in a single longitudinal mode of the diode cavity. As the feedback level increased, the laser initially underwent linewidth narrowing, then undamping of the relaxation oscillations, excitation of external cavity modes, and finally reached the coherence-collapsed state through one of two different routes or occasionally by a hybrid between them. A period-doubling route to chaos occurred only when the relaxation oscillation and external cavity modes or their harmonics were locked together, otherwise a quasiperiodic route was followed. In each case the proximate cause of coherence collapse was interaction between the feedback-induced undamped relaxation oscillation and the external cavity modes. We obtained excellent agreement between theory and experiment. From theoretical calculations of the correlation dimensions we showed that the coherence-collapsed state is a chaotic attractor with a fractal dimension between 2 and 3, even with the inclusion of realistic spontaneous emission noise.
Chaos occurred most frequently via quasiperiodicity , since frequency locking did not usually occur. When frequency locking did occur, it could be destroyed by small perturbations to the pump current or external cavity length. Most incidents of coherence collapse should therefore be due to quasiperiodic mixing between the relaxation oscillation and external cavity modes. The onset of coherence collapse occurred (for a given pump current and cavity length) at a certain value of the feedback parameter K and did not depend on the particular route (period-doubling or quasiperiodicity) .
At higher pump currents it is more difficult to produce coherence collapse when there is significant gain saturation or suppression, for example due to intraband scattering in the semiconductor. We attribute this to saturationinduced damping of the relaxation oscillation, which makes it more difficult to generate undamped relaxation oscillation, a necessary precursor to coherence collapse in our case.
Lasers with optical feedback are good examples of the generic nonlinear system with delayed feedback which has already been studied [42] , [43] . In the external cavity laser the optical feedback effectively modulates the gain and constrains the optical phase, and the system formally becomes infinite-dimensional by considering each external cavity mode to be a separate degree of freedom. Even with the limited bandwidth of the system the effective dimension is still very large and the problem is not tractable. Here we have adopted the more straightforward alternative of considering the total laser intensity and phase (i.e., the sum of all the modes) to be single degrees of freedom while allowing sufficient time and bandwidth to include all the mode dynamics in the picture, thus effectively reducing the problem to three dimensions.
Our results could be generalized for a greater understanding of laser instabilities. The semiconductor laser is a typical class B laser: y p , y1 << y2, where y?, y1 and y2 are the decay rates of the photons, injected minority carriers (i.e., population inversion) and polarization, respec-tively . Thus the free-running semiconductor laser is well described by rate equations with only two independent variables, usually the photon and carrier numbers or densities. The dynamical properties of isolated semiconductor lasers are therefore relatively simple. However, when an additional degree of freedom is added such as pump current modulation, optical feedback, external light injection, mutual coupling to another laser etc., the situation becomes much more complicated. The deterministic instabilities in this case are always connected with the interaction between some external modulation (external cavity modes in our case) and undamped intrinsic oscillations (relaxation oscillation in our case). We suggest that this behavior may be common to several laser systems under different circumstances, and it may be a very general scenario for an externally modulated Class B laser. For example, similar phenomena have been observed in single mode CO2 lasers (which are also typical Class B lasers) with modulated cavity Q-factors, and these phenomena have also been explained in terms of interaction between the modulation and relaxation oscillation [44] . There are also interesting comparisons to be developed with multimode laser dynamics, where generally similar behaviorperiod-doubling and quasiperiodic routes to deterministic chaos-has been discovered [45]- [48] . Those lasers (and several other physical systems) may have intrinsic natural frequencies for oscillations. These oscillations are normally damped out but may be excited by external perturbations which are either external modulations or beatings between unequally spaced longitudinal or transverse modes. These excited intrinsic oscillations will then tend to interact with external modulations due to nonlinearities in the laser medium. Thus the study of coherence collapse may lead to extensive physical insights into nonlinear dynamics and chaos in lasers and similar physical systems well beyond the usual limitations of the simple rate equation theories used.
